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Quantum transport in magnetic topological insulators reveals the strong interplay between the
magnetism and topology of electronic band structures. A recent experiment on magnetically doped
topological insulator Bi2Se3 thin films showed the anomalous temperature dependence of the mag-
netoconductivity while their field dependence presents a clear signature of weak anti-localization
[Tkac et al., Phys. Rev. Lett. 123, 036406(2019)]. Here we demonstrate that the tiny mass of the
surface electrons induced by the bulk magnetization leads to a temperature-dependent correction
to the π Berry phase, and generates a decoherence mechanism to the phase coherence length of
the surface electrons. As a consequence, the quantum correction to the conductivity can exhibit
non-monotonic behavior by decreasing the temperature. This effect is attributed to the close rela-
tion of the Berry phase and quantum interference of the topological surface electrons in quantum
topological materials.
Introduction. The three-dimensional topological in-
sulators (TIs) have stimulated intensive theoretical and
experimental study in the past decade [1–6]. In the quan-
tum diffusive regime, owing to the nontrivial π Berry’s
phase, the topological surface states are expected to ex-
perience a destructive quantum interference in the scat-
tering process [7–10]. Accordingly, the magnetocon-
ductivity shows a negative notch in a weak magnetic
field (B) and is called the weak anti-localization (WAL),
which has been regarded as a significant transport sig-
nature for the topological surface states and reported
in an enormous amount of samples of TIs [11–16]. Be-
sides, one anticipates that the conductivity correction
from the WAL effect should decrease with increasing the
temperature. However, the temperature dependence of
conductivity usually shows an opposite tendency in the
experimental observation [17–22]. Such a dilemma in
some pristine topological insulators can be resolved by
further considering the electron-electron interaction ef-
fect at low temperatures [23–25]. Recently, V. Tkac et
al. reported that the contradictory tendency between
the temperature- and magnetic-field-dependent conduc-
tivity remains even after subtracting the interaction ef-
fect in the Mn-doped Bi2Se3 thin films [26]. As shown in
Fig. 1, the magnetoconductivity δσ(B) exhibits mono-
tonic temperature dependence for a pure (xMn = 0%)
Bi2Se3 sample, a typical behavior of WAL as expected
theoretically, and a non-monotonic temperature depen-
dence for the doped (xMn = 8%) Bi2Se3 sample, respec-
tively, where δσ(B) = σ(T,B)−σ(T, 0) with σ(T,B) be-
ing the temperature-dependent conductivity at a finite
magnetic field B. At low temperatures, the two samples
show opposite temperature dependence. Meanwhile, the
observed magnetoconductivity for those samples always
exhibit negative correction, a signature of WAL as shown
in Fig. 2 in [26]. The simple assumption of the mono-
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Figure 1. Magnetoconductivity as a function of temperature
at different magnetic field strength for two Mn-doped TI thin
films of (a) xMn = 0% and (b) xMn = 8%. The open squares
are the experimental data extract from Ref. [26]. The solid
red lines are the fitting results at different magnetic filed B
by using the formula in Eq. (5).
tonic temperature dependence of coherence length due to
the electron-electron interaction effect [23, 24, 27] cannot
account for these observations. Actually, the topological
surface state in the magnetically doped TIs acquires a
finite mass due to the time-reversal symmetry break-
ing accompanied with a small correction to the π Berry
phase on the Fermi surface [28–32]. The nearly π Berry
phase is capable of accounting for the WAL behavior for
the magnetoconductivity but fails to explain the anoma-
lous behavior here.
In this Letter, we resolve the puzzle of the anoma-
lous temperature dependence of quantum correction in
Ref. [26] based on the quantum interference theory and
the quantitative analysis. The role of the magnetic dop-
ing is assumed to produce a finite gap for the surface
states. Then, a magnetoconductivity formula of quan-
tum interference is derived for massive Dirac fermions,
which is simply characterized by the spin polarization
η. The quantity is also the correction to the π Berry
phase acquired by the surface electrons moving aroud
the Fermi circles. The nearly π Berry phase accounts for
2the WAL behavior for the magnetoconductivity. How-
ever, the temperature dependence of the spin polariza-
tion leads to a non-monotonic behavior of the quantum
correction to the conductivity at low temperatures due
to the quantum decoherence effect caused by the devi-
ation from the π Berry phase. The good coincidence
between our theory and experimental data suggests that
the anomalous temperature dependence of quantum cor-
rection in Ref. [26] can be ascribed to the temperature-
dependent correction to the π Berry phase of the surface
states.
Model Hamiltonian and spin(pseudo-spin) polariza-
tion. Due to the hybridization of the top and bottom
surface states or the time-reversal symmetry breaking
caused by the magnetic doping, the topological surface
electrons in the TI thin films can acquire a finite mass
[28, 33–35], thus it is proper to treat the surface states
as the massive Dirac fermions. Besides, in a topological
insulator thin film, the 3D bulk band is quantized into
2D sub-bands owing to the quantum confinement effect.
The 2D sub-bands have a similar low energy Hamiltonian
as the surface one but with a relatively large band gap
[36]. We begin with the modified model of 2D massive
Dirac fermions [5, 34, 37],
H = v~(σxkx + σyky) +m(k)σz (1)
where v is the effective velocity, ~ is the reduced Planck
constant, σ = (σx, σy, σz) are the Pauli matrices, k =
(kx, ky) is the wave vector, and m(k) = mv
2 − b~2(k2x +
k2y) is the the mass term. There are two energy branches
Ek = ±εk with εk =
√
v2~2k2 + [m(k)]2. For simplicity,
we put the level of the Fermi energy µ in the conduc-
tion band, i.e., µ > 0, and consider the case of a single
Fermi surface. The presence of the mass term gives the
expectation value of σz , η = 〈σz〉 = m(kF )/εkF at the
Fermi radii kF . The spin polarization η is directly re-
lated to the Berry phase for massive Dirac fermions. As
shown in Fig. 2, the spin lies in the plane of the Fermi
circle for η = 0 and is titled to the out of plane of the
Fermi circle for η 6= 0. After the spin vector travels
along the Fermi circle adiabatically, a Berry phase is ac-
quired, φb =
1
2
´ π
0
´ arccosη
0
sin θdθdφ = π(1−η). Further-
more, we mark the spin and momentum orientation in
the trajectory of backscattering and corresponding time-
reversal trajectory. For the massless case of η = 0, due
to the spin-momentum locking of the Dirac fermion, the
spins of incoming (k) and outgoing (−k) electrons are
anti-parallel to each other, the total spin is 0. The scat-
tering sequences are accompanied by the coherent spin
rotation which yields the WAL due to the π Berry phase
accumulated as the electrons encircle the Fermi contour.
For the massive case of η 6= 0, the spin of the (k,−k)
electron pair is partially titled to the z−direction, and
the spin-singlet and triplet pairings mix together. Con-
sequently, the accumulating Berry phase along the Fermi
circle deviates from π, and after taking the average of all
the possible trajectories with different winding numbers,
Figure 2. Schematic diagram of the band structure and spin
orientation for (a) massless and (b) massive Dirac fermions.
The spin vectors at a certain Fermi energy are depicted by
the red arrows. (c) and (d) show the corresponding Berry
phase as the solid angle traced out the spin vectors on the
Bloch sphere for (a) and (b), respectively. (e) and (f) show
the trajectory of backscattering (solid line) and correspond-
ing time-reversal trajectory (dashed line) for massless and
massive Dirac fermions, respectively. The black arrow repre-
sent the momentum direction, and the red arrow denotes the
spin orientation.
Table I. The components of four Cooperon channels i =
s, t0,± in the basis of spin-triplet and singlet |s, sz〉, the
Cooperon gap ℓ−2i in unit of the mean free path ℓ
−2
e and
the weighting factors wi.
i Cooperon in |s, sz〉 wi ℓ
−2
i /ℓ
−2
e
s |0, 0〉 − (1−η
2)2
2(1+3η2)2
(1−η2)η2
(1+η2)2
t+ |1, 1〉
4η2(1+η2)
(1+3η2)2
4(1−η)2η2
(1+3η2)(1+η)2
t0 |1, 0〉 0 ∞
t− |1,−1〉
4η2(1+η2)
(1+3η2)2
4(1+η)2η2
(1+3η2)(1−η)2
a new decoherence mechanism is introduced. When the
mass term is very large, i.e., η → 1, the spin is fully
polarized to the z-direction. The incoming and outgoing
electrons form a triplet pairing and give rise to a WL
correction.
Cooperon gaps and weighting factors. The quantum
correction to the conductivity is evaluated by using
the Feynman diagrammatic technique [38–42]. In the
present calculation, we keep the matrix form for Green’s
function and treat all possible Cooperon channels on the
same footing (see the details in Sec. SII of Ref. [43]). In
the diffusion approximation, it is found that three out
of four possible Cooperon channels have the quantum
correction to the conductivity,
σqi = −4e
2
h
∑
i
∑
q
wi
ℓ−2i + q
2
(2)
where i = s, t+, t− is the Cooperon channel index, ℓ
−2
i
and wi are the corresponding Cooperon gap and weight-
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Figure 3. (a)Cooperon gap and (b) weighting factors as func-
tions of η, where t0,± and s represent the WL and WAL
channels, respectively. The weighting factors for t+ and t−
channels are the same.
ing factors, respectively. The expressions for ℓ−2i and wi
are listed in Table I. Here ℓe =
√D0τ is the mean free
path. They are only functions of η. Since its weight-
ing factor is 0, the channel t0 does not contribute to the
quantum corrections.
The channels i = t± contribute to the WL correc-
tion, and the channel s contributes to the WAL cor-
rection according to the signs of their weighting factors
wt± > 0 and ws < 0. Actually, the sign of quantum
correction can also be understood from the view of the
spin-singlet and triplet Cooperon structure factors. The
original Cooperon structure factor Γ(q) is in the basis
of {| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉}.To diagonalize Γ(q), we have
rotated the basis into the spin-singlet and triplet basis
|s, sz〉, where |s, sz〉 labels the total spin angular mo-
mentum s(= 0, 1) and its z-component sz. The channels
i = t± correspond to the two triplet pairing (s = 1) and
result in the WL correction, while the channel i = s is the
singlet pairing (s = 0) and gives out the WAL correction.
The Cooperon gap and the weighting factor are plotted
in Fig. 3(a) and (b). When η = 0 and φb = π, one finds
a pure WAL correction from the channel s, which is con-
sistent with the Hikami-Larkin-Nagaoka formula for the
strong spin-orbit scattering [39]. On the other hand, the
channel t+(t−) gives a pure WL correction as the con-
ventional electron gas when η = 1(η = −1) and φb = 0
(2π). Moreover, by changing η from 0 to 1, the quantum
correction exhibits a crossover from the symplectic class
to the unitary class and then to the orthogonal class .
Temperature dependence of conductivity correction.
The summation or integration over q in Eq. 2 is log-
arithmically divergent in both the ultraviolet and ultra-
infrared limit. To avoid the divergence, the two cut-offs
have to be introduced to restrict ℓ−1φ ≤ q ≤ ℓ−1e , where
ℓφ is the coherence length caused by the inelastic scatter-
ing [23, 24, 27]. Consequently, Eq. 2 gives the quantum
correction to the conductivity,
σqi(B = 0, T ) =
e2
πh
∑
i
wi ln
ℓ−2φ + ℓ
−2
i
ℓ−2e + ℓ
−2
i
. (3)
To investigate the temperature dependence of σqi(T ),
we assume ℓφ = ℓ
0
φ(T/T0)
−p/2, where p = 1 for electron-
electron interaction and p = 3 for electron phonon inter-
action in two-dimensional systems, ℓ0φ is the coherence
length at T = T0 [23, 24]. The characteristic parameter
of the temperature-dependent conductivity is [25]
κqi ≡ πh
e2
∂σqi(B = 0, T )
∂ lnT
=
∑
i
wip
1 + ℓ2φ/ℓ
2
i
(4)
if η and ℓe is independent on or insensitive to the temper-
ature. In this case, the presence of non-zero Cooperon
gap ℓ−2i is highly non-trivial. As shown in Fig. 4(a),
when η = 0, the conductivity correction is always log-
arithmically divergent and the slope is characterized by
κqi = −p/2. However, once 0 < η ≪ 1, ℓ−2i 6= 0, the
conductivity correction saturates at lower temperatures
and κqi would increase from some value ∈ (−p/2, 0) to
0 gradually. In another limit of η ∼ 1, as shown in Fig.
4(b), κqi = p/2 for η = 1, and κqi decreases from some
value ∈ (0, p/2) to 0 by lowering temperature. Hence,
the finite Cooperon gap leads to the saturation behavior
of σqi(0) at low temperatures.
In the magnetic TIs, the mass term is related to
the magnetization, which depends on the temperature,
hence η is also a function of temperature. Consequently,
the slope κqi has a correction term from ∂η/∂ lnT ,
κqi =
∑
i
(
gi
∂η
∂ lnT
+
wip
1 + ℓ2φ/ℓ
2
i
)
(5)
with gi ≡ ∂∂η (wi ln
ℓ−2
φ
+ℓ−2
i
ℓ−2e +ℓ
−2
i
). Here we still assume that
ℓe is insensitive to the temperature. We can have a qual-
itative analysis for the sign of κqi for the case of η ∼ 0.
When η ∼ 0, κqi ≈ − ℓ
−2
e ∂η
2/∂ lnT+ℓ−2
φ
p
2(ℓ−2
φ
+ℓ−2s )
. If ∂η∂ lnT ≥ 0
and κqi ≤ 0, the zero-field conductivity always decreases
with increasing the temperature, indicating a WAL ten-
dency as usual. However, if ∂η∂ lnT < 0, ℓ
−2
e
∂η2
∂ lnT < 0 and
ℓ−2φ p > 0. Thus κqi may experience a sign change while
decreasing the temperature, which implies anomalous
temperature dependence even in the case of the WAL
correction. A similar analysis holds for η ∼ 1.
Magneto-conductivity. Experimentally, the effect of
quantum interference can be detected by measuring the
variation of the conductivity in an external magnetic
field. When the magnetic field is along the z-direction,
qx and qy are quantized into a series of Landau levels
as q2x + q
2
y → (n + 12 )/ℓ2B with ℓB =
√
~
4eB the mag-
netic length and n a non-negative integer. Consequently,
the magneto-conductivity of the massive Dirac fermions
reads
δσqi(B) =
e2
πh
∑
i=s,t±
wi[ψ(
ℓ2B
ℓ2φ
+
ℓ2B
ℓ2i
+
1
2
)− ln(ℓ
2
B
ℓ2φ
+
ℓ2B
ℓ2i
)]
(6)
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Figure 4. Zero-field conductivity correction and slope κqi as
a function of ℓe/ℓφ for (a) WAL of η ∼ 0 and (b) WL of
η ∼ 1. Magnetoconductivity at different values of ℓe/ℓφ for
(c) η = 0.01 and (d) η = 0.9. The calculation parameter
ℓe = 10nm.
where ψ(x) is the digamma function with argument x.
For convenience, we define F(x) = e2πh [ψ(x + 12 ) − lnx].
When η ≪ 1, Eq. (6) is simplified as δσqi(B) ≈
− 12F(
ℓ2B
ℓ2
φs
) with an effective coherence length ℓφs:
1
ℓ2
φs
≃
η2
ℓ2e
+ 1
ℓ2
φ
. The presence of η
2
ℓ2e
means a new decoher-
ence mechanism for the coherence length besides the
interaction effect in the magnetoconductivity formula.
It is closely related to the correction to the π Berry
phase, and becomes dominant at lower temperature as
1
ℓ2
φ
→ 0. When η is independent of the temperature, as
shown in Fig. 4(c), the δσqi(B) gradually saturates when
ℓe/ℓφ → 0 as the effective coherence length is approxi-
mately determined by ℓφs = ℓe/η instead of ℓφ at the low
temperature. Hence, even a small value of η can generate
an observable effect. When 0 < 1−η ≪ 1, Eq. (6) is sim-
plified as δσqi(B) ≈ 12F(
ℓ2B
ℓ2
φt+
) with 1
ℓ2
φt+
= (1−η)
2
4ℓ2e
+ 1
ℓ2
φ
,
where the new decoherence term (1−η)
2
4ℓ2e
leads to the sat-
uration of δσqi(B) when ℓe/ℓφ → 0 [See Fig. 4(d)].
This decoherence mechanism corresponds to the de-
caying Berry phase of multiple scattering trajectories
[44]. Here we present a qualitative argument. Since
the amplitude of the backscattering trajectory and its
time-reversal path should be complex conjugate to each
other, the Berry phase contributes to the return prob-
ability as a phase factor eiθ = eiφb(1+2n) after n times
of revolutions. For η ≪ 1, after averaging over n , we
have 〈eiθ〉 ∼ −e−η2t/τ , where the minus sign stems from
the π Berry phase (eiπ(1+2n) = −1) and gives a WAL
correction for the system with φb ∼ π. Multiplying the
obtained decaying factor with the partition function of
Cooperon and the factor exp(−t/τφ) − exp(−t/τ), and
integrating over t, we can reproduce the effective coher-
ence length ℓφs in the magnetoconductivity formula for
WAL [43], where τφ is the phase breaking rate. Similarly,
when 0 < 1− η ≪ 1, based on the Berry phase picture,
we can obtain the magnetoconductivity formula for the
WL [43]. Furthermore, in the magnetic TIs, η can be a
function of the temperature. ℓφs or ℓφt+ can be a non-
monotonic function of temperature and further leads to
a non-monotonic temperature dependence of magneto-
conductivity, which is consistent with the discussion for
the zero-field conductivity correction in the last section.
In addition, once η ∼ 0 or η ∼ 1, the magnetoconduc-
tivity from the quantum interference is still a monotonic
function of the magnetic field. Thus, a temperature-
dependent η can produce different temperature and mag-
netic field dependence of magnetoconductivity.
Fitting the experiment. Armed with the formula of
the magnetoconductivity in Eq. (6), we are now ready to
address the puzzle of the anomalous temperature depen-
dence of the conductivity shown in Fig. 1(a) and (b). We
chose the samples of Mn concentration xMn = 0% and
8%. In Fig. 1(a) and (b), the experimental data labeled
by open squares are extracted by using the temperature-
dependent conductivity at finite B-field from Fig. 4(a)
and (c) in Ref. [26]. Since the conductivity correction
from the interaction effect exists even at zero tempera-
ture, which is insensitive to the external magnetic field,
the magnetoconductivity δσ(B) can exclude the correc-
tion from the electron-electron or electron-phonon inter-
action effect and is mainly determined by the quantum
interference effect, δσ(B) ≈ δσqi(B). For the pristine
Bi2Se3 of xMn = 0%, the Fermi level insects with both
the surface band and bulk bands as clearly shown in
the ARPES data in Ref. [26], the δσ data at differ-
ent magnetic field can be well fitted by considering one
gapless topological surface states and two gapped bulk
sub-bands(solid red lines in Fig. 1a) [36, 37, 48], and the
fitting details can be found in Sec. SIII.A in Ref. [43].
The magnetoconductivity of the sample of xMn = 8%,
shows the opposite temperature behavior at low tem-
peratures: the magnetoconductivity turns to increase
with decreasing temperature. The anomalous Hall re-
sistivity in a ferromagnetic conductor has an empiri-
cal relation with the magnetic field B and magneti-
zation M , ρxy = R0B + RAM [49]. The magnetiza-
tion is a function of temperature below the Curie tem-
perature TC . Nonzero magnetization breaks the time-
reversal symmetry of the topological insulator, and the
corresponding surface states open a tiny gap. From
the data of the anomalous Hall receptivity, it is found
that the magnetization is proportional to 1 −
√
T
TC
be-
low the Curie temperature TC . Thus the spin polar-
ization η is also assumed to obey the same behavior:
η(T ) = η0[1 −
√
T
TC
]Θ(TC − T ) (see Sec. SIII.B in Ref.
5[43]), where η0 is the spin polarization at the zero tem-
perature, TC = 11.45K is the critical temperature, and
Θ(x) is the Heaviside step function. Besides, the mean
free path is estimated as ℓe ≈ 14 nm at T = 2K and
ℓe ≈ 13.6 nm at T = 40K from the mobility and carrier
density data. Therefore, ℓe is insensitive to the tem-
perature and is fixed as 14 nm to reduce the number of
fitting parameters. We further assume ℓφ = ℓ
0
φ(
T
1K )
−δ to
include the temperature effect on the coherence length,
where ℓ0φ and δ are the fitting parameters. In Fig.
1(b), the fitting curves (red solid lines) show a good
agreement with the experimental data (open squares)
for B = 0.1, 0.2, 0.5 and 1T. The corresponding fitting
parameters are listed in the Table. SII in Ref. [43].
The good coincidence between the theory and the ex-
periment implies that the anomalous temperature de-
pendence of δσ in the magnetic TIs can be ascribed to
the temperature-dependent η or the Berry phase.
Conclusion. In summary, we have derived a mag-
netoconductivity formula in terms of spin polarization
η, the coherence length ℓφ and the mean free path ℓe.
When η ∼ 0, the nearly π Berry phase gives rise to a
unique decoherence mechanism owing to a multiple in-
terference process. This slight derivation stems from the
symplectic symmetry breaking generated by the mag-
netic doping in topological insulators. Since the con-
tribution to the effective coherence length induced by
interactions is power-law suppressed as the temperature
decreases, the mechanism arising from the Berry phase
always dominates the magnetoconductivity at low tem-
peratures. By considering a temperature-dependent spin
polarization or Berry phase, the experimental data in
Ref. [26] can be well fitted by the magnetoconductiv-
ity formula, which suggests that the observed anomalous
temperature-dependent δσ can be attributed to the de-
coherence mechanism originating from the Berry phase
and the temperature dependence of η.
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